IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Commutation relations for linear fields: a coordinate-free approach

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1999 J. Phys. A: Math. Gen. 32 L71
(http://iopscience.iop.org/0305-4470/32/5/002)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.111
The article was downloaded on 02/06/2010 at 07:52

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/32/5
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Ger82(1999) L71-L75. Printed in the UK PIl: S0305-4470(99)99671-3

LETTER TO THE EDITOR

Commutation relations for linear fields: a coordinate-free
approach

K C Hannabuss
Balliol College, Oxford OX1 3BJ, UK

Received 30 November 1998

Abstract. The commutation relations for a linear system are given directly in terms of the classical
energy and equations of motion, without the need for a normal mode expansion. The formula is
illustrated in the case of the free electromagnetic field.

The commonest methods of deriving the commutation relations for fields are probably to
decompose into normal modes or to find canonical coordinates and momenta, and both methods
depend in some measure on a choice of coordinates. For linear systems the sympleatic form
provides a coordinate-free alternative [3, 4]. (This is just the Poisson bracket applied to linear
functions on phase spadg and can be characterized as an antisymmetric bilinear form on

V having maximal rank.) Each € V defines a linear function (the moment map) on phase
spacep, (v) = s(a, v), and every linear function is of this form. The Poisson bracket of two
such functions is given by, ¢»} = s(a, b), giving us the Dirac quantization rule

[Q(a). Q¢p)] =ihs(a, b) )

for the quantized observablad(¢,) and Q(¢,). Unfortunately, although geometrically
natural, the symplectic form is often not immediately known, and must first be calculated
from the energy and equations of motion. The purpose of this letter is to point out that a
slight modification leads to a more efficient procedure for finding the symplectic structure and
commutation relations at the same time. The difference will be illustrated in the case of the
free electromagnetic field.
In classical Hamiltonian mechanics the trio of Poisson bracket, Hamiltd#igand time

evolution are related by the equation

df _of

i = oy T Ha S} 2)
and each member of the trio can be recovered from the other two. In practice we most readily
know the time evolution equations and the Hamiltonian, which for these linear systems is just

the energy,E. The energy of a linear system is a quadratic function on phase space, from
which we may easily derive the symmetric bilinear form

Eu,v) =Ew+v)— Ew) — E®W). 3)

(We have&(u,u) = EQCu) — 2E(u) = 4E(u) — 2E(u) = 2E(u), and this determine§
uniquely.) The positivity ofE means that actually defines a real inner product on phase
space. The linear functiong,(v) = £(u, v) define classical phase space observables in
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terms of which we can give the commutation relations. Before doing so, however, we need
to introduce the equations of motion. For a linear system these can be given directly as a
differential equation for the phase space trajectory of the form

dv
—=Q 4
4 v 4)
wherev € V andQ is a linear operator o.

Hamilton’s equations of motion for linear systems may be expressed as

s(Qu,v) =&, v) 5)

(see [2] equation (4.1) or, for a direct proof, the appendix.) This meang thatpq,, So that

{&us &} = {bau, Pav} = s(Qu, Q) = E(u, Qu) (6)
and Dirac’s quantization condition now gives us the commutation relation
[Q(EW), Q(EN] = ThE(u, Q). (7

We shall now give some examples to show how easily this leads to the commutation relations.

Example 1

As a first illustration we first apply this result to a one-dimensional oscillator, with energy

2 1
E(x, p) = % + Emwzxz. (8)
We immediately calculate that
E((x1, p1), (x2, p2)) = m ™ p1p2 + mw’x1x,. 9)

Fora = (ap, a,), we have the linear function
E,(x, p) = m_lapp +mw’a,x. (10)

The equations of motion, = m~1p, p = —mw?x, can be expressed in the matrix form

& ()= (k)= (e ") () @

Q= <_n?w2 mgl). (12)

Combining these, and writing = Q(p) andX = Q(x) for the quantized momentum and
position, the commutation relation (7) becomes

so that

[m_lapP +mw’a, X, m_leP +mw?b, X] = iﬁ(ap(—a)sz) + a)zaxbp) (13)
or
w®(acb, — a,b,)[X, P] = iho*(a,b, — a,by). (14)

In other words we recover the normal commutation relations between position and momentum.
One can easily extend this example to cover arbitrary finite-dimensional oscillators.
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Example 2

This method is particularly useful for systems such as the free electromagnetic field, for which
there are no obvious coordinates and momenta. The energy of the electromagnetic field is
given by

E(E.B) =} / (eo B + 11| B?) dx (15)
from which we obtain the bilinear form
E((e1, by), (e2, b2)) = /(6061 - ex+ pgthy - by) dix (16)

on vector-valued test functiorg andb,. (Phase space consists of pairs of such functions
(e, b) having finite energy.)
Maxwell's equations for the electromagnetic field give

oE B
— =c%curl B and — =—curl E 17)
at at

% <g> - (—courl czcourl> (g) (18)

from which we obtain

so that

2
Q= (—courl ‘ %url ) (19)

Then the commutation relations take the form
[Q(Eer.b1)s QEes )] = E((e1, by, (c*curlby, —curley)) (20)
=ih / 1o (e1 - curlby — by - curlep) dx. (21)

Writing
Q(Ee0) = f cE(x) - e(x) and  Qop) = f 1o B(z) - b(x)d®x  (22)

we deduce that the components of the quantized electricBieimmute amongst themselves
as do those of the quantized magnetic fiBldbut that the electric and magnetic fields do not
commute with each other. Indeed, lettingande;, vanish and dropping the suffices on the
other two test fields we have

[ / eoE () - e(z) &, / 1o B(y) - b(y) d3y] =in / pgte - curlbd®x (23)
from which the usual fixed time commutation relations,
[E;(x), Bi(y)] = —ihpoc®eud i (x — y) (24)

follow immediately.
We can also see that, for arfy; B(gradf) commutes with all the fields. Moreover, a
formal use of the divergence theorem gives

B(gradf) = / B(x) - gradf(z) d®x = — / div B(z) f () d®x (25)

so that divB commutes with all fields. This permits us to impose the additional constraint that
div B = 0. Similarly we can impose the Gauss constraintidis= 0
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We conclude by noting that, in this case, the idenfity, = £, becomes

O (c2curlb,—curle) = E(e,b)- (26)

Not only is an integration required to obtain an explicit formuladar,, but the resulting
expression in terms of Green'’s functions is non-local, which somewhat obscures the meaning
of the resulting commutation relation for tki¥¢ . ). By contrast, the commutation relations

for Q(€.»)) are manifestly local and transparent.

Example 3

Consider electromagnetic radiation interacting with a continuum of dipoles as in the model of
a light polarization measurement presented in [1]. Maxwell’s equations relating the classical
electric and magnetic fields,andb, with the dielectric polarization vectgrand its derivative
j = op/ot, give

z—(: = c®curlb — ;5 % = —curle. (27)
The polarization vector is thought of as the sum of the molecular dipole moments, and restoring
and damping forces give an equation of the form

5
B—Z +nj+ a)(z)p =vle. (28)

For the present purposes we shall ignore the damping termy an®. The Hamiltonian for
the system is given by

E = %/(Go(lelz +?bf?) +v(Ij1* + wilpl?) V. (29)

In equilibrium whenj = 0 andp = e/vw§, with e andb constant, this reduces to the usual
formula for the dielectric energy.

We obtain the following commutation relations from the equations of motion and formula
for the energy,

i . . _
ﬁ[Q(ely b1, p1, 41), Q(ez, bz, P2, jo)] = /Mo Y(curlby - e; — curley - by) dV

+/(€1'jz—62'jl)dV+/ng(j1'p2—j2'p1)dV-

Appendix. The relation between the energy and the symplectic form

For completeness we sketch a proof of the crucial relationghipv) = s(Qu, v) = £(u, v),
used earlier. Since andv are made up out of linear coordinate functions, the definitian of
together with Hamilton’s equations give us

s, v) = {u, v} = {{Ha, u}, v}. (30)

As H, = E, the right-hand side, which can be rearrangefva$u, H.}}, is just the second
derivative D, D, E of the energy. Now the directional @chet) derivative of the energy is

(DyE)(w) = dEE(w +5u)|s—0 = di(E(w) +5E(w, u) +s2EW))|y=0 = E(u, w) (31)
A A
and a second derivative is

(DyD,E)(w) = dES(u,w+sv)|s=o=5(u,v) (32)

A
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so thats (Qu, v) = {v, {u, Hy}} = E(u, v), as we claimed.

One can follow a similar route with nonlinear systems and quantize classical functions
ém.uy, UL, as there is no longer a distinguished set of linear variabkbe result is somewhat
arbitrary.
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